This note is devoted to spectral theory and asymptotic behavior of one-dimensional hyperbolic systems. We give in particular a practical way to compute the essential type of the associated semigroup. As is by now well-known, the sign of the essential type gives the asymptotic behavior of the semigroup up to a finite-dimensional space of initial data.
Introduction
This paper is devoted to spectral theory of one-dimensional hyperbolic systems in normal form
x ∈ (0, 1).
( 1.1) where M and A are n × n matrices (n ≥ 2) such that
and U ∈ R p ,V ∈ R l . We denote by B, C constant matrices with appropriate size. (Similar hyperbolic systems with dynamic boundary conditions are also dealt with by the authors in [3] ). Some physical examples are also given in the last section. We will present in the last section how the stabilization of the Timoshenko beam system fails within our formalism; a more elementary application to discrete kinetic models is also given.
The following "unperturbed" system proves useful:
where
is the diagonal matrix composed by the diagonal entries of A. Under the following assumptions
F. Neves, S. Ribeiro and O. Lopes [5] showed that in L q spaces (1 ≤ q < ∞) the difference between the semigroups generated by the systems (2.5) and (1.2) is a compact operator from which it follows, by standard arguments, that the two semigroups have the same essential spectrum and consequently the same essential type (see for instance [8] for definitions of these notions). Owing to the fact that the essential type for (1.2) is easily computable, such a compactness result provides some information on the time asymptotic behavior (t → ∞) of solutions of both systems. (Actually, more generally hyperbolic systems with dynamic boundary conditions are also considered in [5] ).
In this paper, we weaken Assumption (H3). Indeed, if we replace (H1) − (H3) by If instead of (H6) we assume:
then Theorem 1 is no longer true and the above decomposition of the semigroup generated by (2.5) is not relevant. More precisely, under (H7), instead of D, we introduce the matrix D = (d qr ) 1≤q,r≤n where
and deal with a new "unperturbed" system:
(1.5)
We prove the following: [5] .
Our proofs of Theorem 1 and Theorem 3 are new and rely on recent functional analytic tools, in particular those given by [4] , [9] , [10] and [7] . Roughly speaking, instead of the direct analysis of the difference of the semigroups given by Neves, Ribeiro and Lopes [5] , we provide a resolvent approach consisting in analysing the behavior of the difference of the resolvents of their generators for large imaginary part of the spectral parameter. The mathematical analysis is performed in L 2 setting and the obtained results extend to L q spaces (1 < q < ∞) by interpolation arguments. This point of view provides us with a systematic analysis of the delicate issue of intersecting curves eigenvalues.
Some applications
We give some applications of the previous theory to some examples of physical interest.
Boundary stabilization of the Timoshenko beam system.

The equations of motion of a Timoshenko beam are
Here, t is the time variable and x the space coordinate along the beam. The function w is the transverse displacement of the beam and ϕ is the rotation angle of a filament of the beam. The coefficients α, β, γand δ are the mass per unit length, the polar moment of inertia of a cross section, Young's modulus of elasticity, the moment of inertia of a cross section and the shear modulus repectively. We assume that:
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Exponential stability of hyperbolic systems Farid Ammar Khodja and the question is to know if the natural energy of this the beam which is
decays exponentially whenever we deal with the following boundary conditions:
where d > 0 is a real number. Note that this example has also been considered in [2] and in [6] but the original choice here is in the fact that dissipation for the system comes only from the last condition in (2.4). We will see in the following developpements that exponential decay of the energy E can be expected only if the wave speeds are equal at least on a subintervall.
Introducing the Riemann invariants:
transforms system (2.1) into:
where M is the diagonal 4 × 4 matrix given by
The boundary conditions (2.4) become:
8)
(2.10)
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We set
If we assume (H6), the reduced system is
and a short computation leads to the two families of eigenvalues of this system associated with the boundary conditions (2.10):
(2.13)
Thus the essential type is ω e = 0 and the natural energy cannot decay exponentially. If we assume (H7) with (a, b) = (0, 1), this time, in the reduced system we have:
β γ . The differential system:
can be written:
The change of variables:
transforms the previous equations into:
are related by boundary operators B 0 and B 1 . In neutron transport theory B k = 0 (k = 0, 1), while nonzero (Maxwell) boundary operators appear in the kinetic theory of gases. We are concerned here with the discrete (with respect to the µ-variable) version of this model: 
where 27) and the matrix B (resp. C) is a discrete version of the operator B 0 (resp. B 1 ). The hyperbolic system we obtain is much simpler than that considered in this paper since the "velocities" This is a new spectral result in transport theory.
